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Abstract 
This article presents a linear eddy-viscosity turbulence model for predicting bypass and natural transition in boundary layers 
by using Reynolds-averaged Navier-Stokes (RANS) equations. The model includes three transport equations, separately, to com-
pute laminar kinetic energy, turbulent kinetic energy, and dissipation rate in a flow field. It needs neither correlations of intermit-
tency factors nor knowledge of the transition onset. Two transition tests are carried out: flat plate boundary layer under zero and 
non-zero pressure gradients with different freestream turbulence intensities, and transitional flow over a wind turbine blade at a 
chord Reynolds number of 3×106. Results are presented in terms of skin friction coefficients. Comparison with the experimental 
data from both tests evidences a good agreement there is between them. 
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1. Introduction1 
Predicting the onset of boundary layer transition is 
one of the most important concerns in fluid mechanics. 
As a common transition phenomenon, transitional 
flows can be observed on a significant part of blades in 
low-pressure gas turbines. Other examples of impor-
tance may be cited as the same flow moving over 
wings and bodies of airplanes, which will exert enor-
mous effects upon the aerodynamic characteristics. In 
transitional regions, the heat transfer rate and wall 
shear stress have sharp rise, making an accurate design 
of gas turbine blades based on heat loads and shear 
forces possible only after the mechanism and features 
of boundary layer transition have been fully under-
stood.  
Boundary layer flow over different objects may 
happen with different modes of transition mainly de-
pending on their geometry and flow conditions. For 
flows with very low intensity of freestream turbulence, 
their fluctuations are quite similar with Tollmien- 
Schlichting (T-S) waves, of which the linear growth 
can be explained by the linear stability theory[1]. Usu-
ally regarded as ‘natural transition’, the transition to 
turbulence through this mechanism is a slow process[2], 
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which often takes place on the bodies of flying objects. 
At an order upwards of 1% freestream turbulence in-
tensity, it is observed experimentally that transition 
occurs abruptly and deviates from the linear growth of 
T-S waves. In this case, turbulent spots appear at the 
beginning of the transition region. This phenomenon is 
termed ‘bypass transition’ and considered to be usual 
on gas turbine blades[3]. 
Centred on such an important phenomenon, little 
successes were achieved in its simulation due to some 
detrimental influences from factors like short length of 
transition zone with rapid variation of flow parameters 
in it. Therefore, most results were acquired either from 
experiments or from direct numerical simulation by 
using supercomputer. However, in the recent decade, 
an extensive attempt has been made to explore com-
mon industrial methods, such as Reynolds-averaged 
Navier-Stokes (RANS), to clarify the flow behaviours 
in the transitional region. 
There are mainly two approaches used to model by-
pass transition in industry. The first is to apply low- 
Reynolds number turbulence models[4-5], in which 
wall-damping functions integrated into turbulent 
transport equations are used to determine the onset of 
boundary layer transition. This can be implanted into 
existing CFD codes with great ease. However, experi-
ence has indicated the inability of this approach to 
reliably reflect the influences of all factors that affect 
the transition such as freestream turbulence, pressure 
gradients and wall roughness[6]. In addition, there is no 
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inherent reason, why damping functions, which have 
been optimized to damp the turbulence in the viscous 
sub-layer, should reliably predict an entirely different 
and complex physical process.  
The second is to use experimental correlations, 
which usually relate the freestream turbulence intensity, 
to the transition Reynolds number based on the mo-
mentum-thickness. Typical examples are the models 
presented by R. E. Mayle[7] and B. J. Abu-Ghannam, et 
al.[8], which are based on their experimental observa-
tions. While this approach proves sufficiently accurate, 
it poses numerical and programming challenges to 
Navier-Stokes methods. The most important problem 
is the necessity of comparing actual momen-
tum-thickness Reynolds numbers with its critical value 
derived from the correlations in the numerical solution. 
This is not an easy task in Navier-Stokes environment 
because the boundary layer edge is not well defined 
and the integration will therefore depend on the details 
of the implementation of the search algorithm. This 
problem is further complicated by modern CFD meth-
ods based on unstructured grids and massive parallel 
execution. 
This article aims to develop a physical model for 
predicting transitional flows. The model is based on 
simulation of laminar streamwise fluctuation, which 
usually exists in pre-transitional region of boundary 
layer and application of an eddy viscosity approach. 
For this purpose, is introduced a turbulence-transition 
model inclusive of three transport equations for lami-
nar kinetic energy, turbulent kinetic energy, and dissi-
pation rate. This model is established on the base of 
recent works of R. E. Mayle, et al.[9] and D. K. Walters, 
et al.[10]. This article also performs some tests to ex-
amine the capability of the physical model for predict-
ing laminar-turbulent transition in boundary layers. As 
for advantages of this model, could be cited its 
independence from either correlations developed for 
intermittency factors[11-12] or specific position of 
transition onset. 
2. Concepts 
A boundary layer near the leading edge of a flat 
plate is subjected to the freestream turbulence very 
close to the Blasius form, whereas further downstream 
it starts to deviate so that an increased velocity is ob-
served in the inner half of the boundary layer and a 
decrease in the outer half[13]. The increased velocity 
close to the wall means an increase in skin friction 
within the pre-transitional region compared to the 
Blasius boundary layer. This is accompanied by the 
development of relatively high-amplitude streamwise 
fluctuations, which can reach an intensity several times 
the level of freestream turbulence[14]. R. E. Mayle, et 
al.[9] suggested a theory for calculating these stream-
wise fluctuations in terms of laminar kinetic energy as 
distinct structurally from turbulent fluctuations. D. K. 
Walters, et al.[10] added a transport equation to the k-H 
turbulence model so as to consider laminar kinetic 
energy denoted by kl similar to the turbulent kinetic 
energy by kt. Thus, the model used in this study also 
contains three transport equations for kl, kt, and far 
field dissipation rate, H. 
Growth of the laminar kinetic energy is explained 
by the splat mechanism proposed by P. Bradshaw[15] 
and discussed in more detail by R. J. Volino[16]. This 
mechanism suggests that the wall redirects the normal 
fluctuation into a streamwise component, and at the 
same time creates local pressure gradients in the 
boundary layer thus amplifying disturbance. 
With the splat mechanism, it is assumed that the 
turbulent energy spectrum in the near wall region can 
be divided into wall-affected (large scale) and non- 
wall-affected (small scale) sections. Therefore, the 
small scale component of kt is denoted by kt,s, and the 
large scale component by kt,l. In the freestream, kt,s 
approaches kt and kt,l zero. 
In this model, predicting the onset of transition is 
based on a local parameter that depends on the turbu-
lent energy and effective length scale. Once this pa-
rameter reaches a certain value, transition begins and 
energy from the streamwise fluctuations (kl) converts 
into the turbulent fluctuations (kt). The threshold val-
ues are separately defined for predicting natural or 
bypass transition. Down-stream of the transition zone, 
the model predicts a fully turbulent boundary layer. 
The kt, kl, and H transport equations in an incom-
pressible form are as follows  
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where Pt and Pl, which represent the turbulent and 
laminar kinetic power, respectively, are defined as 
2
t t,sP SQ                 (4) 
2
l t,lP SQ                  (5) 
where Qt,l and Qt,s are large scale and small scale turbu-
lent kinematic viscosity, respectively, and S is the 
modulus of the mean strain-rate tensor. 
R, the bypass transition production term, can be de-
fined as 
l
bp
t
R
kR C E W               (6) 
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where Wt is turbulent time scale. 
Rnat, the natural transition production term, may be 
defined as 
nat ,nat nat lRR C k SE             (7) 
The threshold functions, Ebp and Enat, govern the 
bypass and the natural transition, respectively. 
Dt and Dl, the turbulent and laminar kinetic energy 
due to near-wall dissipation respectively, can be calcu-
lated by 
t t
t 2
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The influences of turbulent and laminar fluctuations 
on the mean flow are taken into account by specifying 
the total eddy-viscosity. 
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where 
tot t,s t,lQ Q Q                (11) 
For definitions of other parameters, refer to D. K. 
Walters, et al[10]. In this article, to predict the proper 
onset of transition, some of the model constants have 
been modified. 
3. Flow Conditions and their Computational Im-
plementation 
This article considers seven different flow cases. 
The first six are boundary layers developing along a 
flat plate with sharp leading edge, of which three are 
developing under zero-pressure gradient, and the other 
three are under a variable pressure gradient, favorable 
upstream and adverse downstream. The flows over the 
flat plate accord with those in experiments[3]. Apart 
from pressure gradients, the flows also differ in inlet 
velocity and freestream turbulence intensity. Fig.1 
shows the computational domains in these flat plate 
cases. The computational inlet extends a certain 
amount upstream of the flat plate leading edge, and a 
symmetry plane is applied at the bottom of the domain 
upstream of the leading edge. This allows for a natural 
stagnation of the freestream flow and boundary layer 
initiation. In the cases that are susceptible to be under 
variable pressure gradients, the gradients are caused by 
contouring the upper wall bounding the freestream and 
imposing the slip condition over it. 
Geometries for zero-pressure gradient flat plate 
cases, T3A-, T3A, and T3B, are computed with a nu-
merical grid made of 350×100 nodes, while for the 
variable pressure gradient case, T3Cx, a grid of 350× 
120. These meshes are chosen on the base of grid-in-
dependence studies. 
 
(a) T3A-, T3A, and T3B 
 
(a) T3Cx 
Fig.1  Computational domains used for simulation. 
The seventh case belongs to the transitional flow 
over a wind turbine blade denoted by the ‘S809 blade’. 
The inlet freestream turbulence for this case is about 
0.07 %, which usually produces the natural transition. 
Fig.2 illustrates a part of the domain mesh of the com-
putational domain containing 45 000 nodes. Again, 
grid-independence tests have justified this choice. 
 
Fig.2  Computational domains and grids used for simulation 
of S809 blade. 
Other details of computational conditions for each 
test are described in the relevant sections. The blade 
and the T3A- case are selected to examine the model 
for predicting turbulent transition under conditions of 
extremely low freestream turbulence, i.e. natural tran-
sition, which is a challenge to RANS approaches. 
The model equations have been implemented with 
an in-house code, which uses the general non-ortho- 
gonal, segregated finite volume scheme. Conversion of 
all transported properties is approximated by the sec-
ond-order upwind scheme. Mass conservation is en-
forced via the SIMPLE pressure-correction algorithm, 
which yields the correct pressure field by an iterative 
sequence and essentially nullifies the mass residuals in 
all computational cells. 
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4. Results and Discussion 
This article studies the process of transition in terms 
of the friction coefficients along the stream-wise direc-
tion since, as a very sensitive indicator, the friction 
coefficient soars as soon as transition occurs. 
4.1. Flat plate boundary layer under zero pressure
gradients 
The input data for the ongoing tests including up-
stream velocity of U, turbulent intensity level of Tu, 
and turbulent length scale of O. Three cases are to be 
under investigation. Table 1 separately lists their above- 
cited input data. The inlet value of the laminar kinetic 
energy kl, is reasonably assumed zero. The turbulent 
kinetic energy kt, and turbulent dissipation rate H, are 
determined by 
  2t 3 Tu2k U              (12) 
3 2
totkH O                  (13) 
Table 1 Inlet flow parameters for flat plate boundary 
layer flow with zero pressure gradient[3] 
Test case Tu/% U/(m·s–1) O/mm 
T3A- 0.9 19.8 2.0 
T3A 3.0  5.4 9.0 
T3B 6.0  9.4 4.5 
Fig.3 shows the computational and experimental 
results of friction coefficients for T3A-, T3A, and T3B 
cases as a function of the Reynolds numbers on down-
stream position, Re. Note that the freestreams in T3A- 
case usually undergoes a natural transition while the 
high freestream in T3A and T3B cases is a pure bypass 
transition in the flow field. In the same figure, are also 
presented the friction coefficients for laminar flows 
and turbulent flows derived from the standard k-H 
(SKE) and Menter’s k-Z SST (KW-SST)[17] turbulence 
models for better comparison. 
As seen in Fig.3, the results with the proposed 
method are in close agreement with the experimental 
results for both natural transition of T3A- and bypass 
transitions of T3A and T3B. The laminar pre-transition 
zone, the starting point of transition and the turbulent 
zone are modelled precisely. However, a slight over-
shoot can be found as distinct from the experimental 
results at the end of the transition zone, which might 
be attributed to the way the model reckons with the 
transfer of energy between kl and kt in the transitional 
region. 
It is worth mentioning that in many engineering ap-
plications, predicting the onset of transition is more 
important than knowing other behaviours like transi-
tion length in transitional region, which is usually 
small enough to be unworthy of attention. 
It is evident from Fig.3 that the standard k-H and 
high-Re version of Menter’s k-Z SST model consider a 
fully turbulent boundary layer developed from the flat 
plate leading edge regardless of freestream turbulent 
flow intensity. This should not be viewed as a weak-
ness of the model because both are not developed in 
transition simulation. In contrast, the low-Re version 
of both Menter’ s k-Z SST and k-H models capture the 
transition zone, but usually predict the onset point 
much earlier than the reality. 
 
       (a) T3A test case 
 
       (b) T3B test case 
 
       (c) T3A test case 
Fig.3  Variation of skin friction coefficients against local 
Reynolds numbers for flat plate boundary layer  
flow under zero streamwise pressure gradients. 
Fig.4 shows the laminar and turbulent kinetic energy 
components of the entire fluctuation energy, ktot, at two 
streamwise positions corresponding to 1.82×104 and 
9.4×105 Reynolds number in the T3B’s pre-transitional 
and fully turbulent regions. In the pre-transitional re-
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gion, the laminar fluctuation is of the same order of 
magnitude as the turbulent fluctuation. In the fully 
turbulent region, the laminar fluctuation is evidenced 
very close to the wall because of the similarity be-
tween the viscous sub-layer and pre-transitional 
boundary layer. As seen from Fig.4, a large difference 
exists in the order of the ratio of kt/kl with respect to 
pre-transitional and fully turbulent regions, which 
might be ascribed to the transfer of energy between kl 
and kt in transition zone. 
 
       (a) Pre-transitional region 
 
       (b) Fully turbulent region 
Fig.4  Turbulent and laminar kinetic energy for T3B test 
case. 
Fig.5 illustrates the profiles of non-dimensional la- 
minar kinetic energy, kl, of pre-transitional boundary 
layer at four different Reynolds numbers versus non- 
dimensional wall distance in the T3B test case. Fig.6 
shows non-dimensional maximums of laminar kinetic 
energy, kl,max, versus the Reynolds numbers. Both 
Figs.5-6 clearly display that, at first in pre-transitional 
region, kl,max grows with Re in an approximate linear 
manner, then zooms to the maximum in transition zone 
and ends up saturating. Similar results can be found in 
M. Matsubara, et al.[13] and P. Luchini[18] works. 
Note that in the present model, all of the laminar 
fluctuation energy components are assumed to be ori-
ented in the streamwise direction. Therefore the total 
streamwise fluctuation can be expressed by 
t l
2 2
3
u k kc                 (14) 
Fig.7 compares profiles of the non-dimensional total 
streamwise fluctuation at three different Reynolds 
numbers with the experimental data of R. E. Mayle, et 
al.[9] for Tu in the range of 2%-3%. From Fig.7, it is 
observed that the proposed model reflects pre-transi-
tional fluctuations at levels comparable to those by 
experiments in flat plate boundary layers. 
 
Fig.5  Profiles of non-dimensional laminar kinetic energy in 
pre-transitional boundary layer at different stream-
wise Reynolds number positions in T3B test case. 
 
Fig.6  Variation of non-dimensional maximum of laminar 
kinetic energy against Reynolds number in T3B test 
case. 
 
Fig.7  Variation of total streamwise fluctuation for different 
Reynolds numbers in pre-transitional flat plate boun- 
dary layer. 
Fig.8 shows the streamwise mean velocity profiles 
calculated with this model at four downstream posi-
tions in comparison with the experimental T3B data. It 
is clear that the predictions with the model have dis-
played a perfect agreement with the experimental data 
even on the detailed mean velocity profiles. 
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         (a) Re = 2.53×105 
 
         (b) Re = 3.82×105 
 
         (c) Re = 5.79×105 
 
         (d) Re = 7.02×105 
Fig.8  Streamwise mean velocity profiles for T3B test case. 
4.2. Flat plate boundary layer under non-zero pre-
ssure gradients 
Now compare the model predictions in boundary 
layers under three variable pressure gradients with the 
ERCOFTAC[3] experimental data and numerical results 
from the standard k-H turbulence model. Table 2 lists 
the inlet conditions of the three cases: freestream tur-
bulence intensity, inlet velocity, and turbulent length 
scale. For these flows, the pressure gradients are ini-
tially negative (favourable) and then positive in a pro-
file that is designed to roughly evaluate the flow over 
suction side of a gas turbine blade. The streamwise 
gradient are assumed identical for all three test cases. 
Table 2 Inlet flow parameters for flat plate boundary 
layer flows under non-zero pressure gradient[3] 
Test case Tu/% U/(m·s–1) O/mm 
T3C1 6.6 5.9 0.6 
T3C2 3.0 5.0 0.2 
T3C5 3.0 8.4 1.5 
Fig.9 shows the skin friction coefficients as a func-
tion of downstream Reynolds numbers for three test 
cases. It is discovered that the model works quite well 
in predicting the transition locations of these boundary 
layers under complex variable pressure gradients. Note 
that, compared to the zero pressure gradient, the ini-
tially favourable pressure gradients have got transition 
delayed. As stated above, since the standard k-H turbu-
lence model indicates a fully turbulent boundary layer 
from the leading edge onward, only the turbulent part 
of this model accords with experimental results.  
Fig.10 compares the predictions with Menter’s k-H 
SST model to the present model in the T3C2 case. As 
stated in previous cases, the low-Re version of k-H 
ҏҏpredicts the transition location earlier than the high-Re 
version of k-H. 
 
        (a) T3C1 
 
       (b) T3C2 
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       (c) T3C5 
Fig.9  Transition in non-zero pressure gradient boundary 
layer for three cases. 
 
Fig.10  Comparison of Menter’s k-H SST model with pre-
sent model for T3C2 test case. 
4.3. Transitional flow over a wind turbine blade 
The last case under study is the flow over the S809 
wind turbine blade at 3×106 Reynolds number in terms 
of the blade chord length. In this case, the freestream 
turbulence intensity is 0.07%. Clearly, for so low a 
turbulent intensity, natural transition will, more than 
likely, occur. The flow conditions and the geometry of 
the blade in this case would surely test on the capabil-
ity of this model. Fig.11 compares the pressure coeffi-
cients obtained with this model to the results with 
INS2D and standard k-H model. As expected, it ex-
poses the close analogy between the pressure coeffi-
cients obtained with both models. 
Fig.12 shows the comparison between the skin fric-
tion coefficients and the results with the standard k-H 
turbulence model and INS2D[19] code. Note that with 
the INS2D code, the onset of transition on both sides 
of the blade is determined manually based on experi-
mental data[20]. It can be observed that the transition 
location predicted with the proposed model is com-
patible with the experimental data. Since results with 
the standard k-H turbulence model fit in with fully tur-
bulent flows and the model predictions in fully turbu-
lent regions at both sides of the blade are closer to the 
standard k-H than the INS2D results, this model is able 
to make correct prediction of the flow behaviours. 
 
    (a) Upper surface 
 
     (b) Bottom surface 
Fig.11  Pressure coefficient on S809 blade. 
 
    (a) Upper surface 
 
     (b) Bottom surface 
Fig.12  Transition on S809 blade. 
5. Summery and Conclusions 
This article has used a new approach based on the 
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eddy-viscosity RANS equations to predict boundary 
layer transition. The model involves two major con-
cepts. First, as proposed by R. E. Mayle, et al.[9], a 
transport equation is used to represent the growth of 
streamwise fluctuations in the pre-transitional bound-
ary layers. Second, the ideas of P. Bradshow[15] and R. 
J. Volino[16] are used to grow these streamwise fluctua-
tions through a splat mechanism. 
This article has also demonstrated the ability of this 
model to predict transition in a wide variety of bound-
ary layer flows from natural transition to large free- 
stream turbulence intensities. The model has been 
proved to be capable of predicting accurately the tran-
sition of flat plate boundary layer flow under favour-
able and unfavorable pressure gradients and over a 
wind turbine blade.  
One of the main advantages of this model lies in its 
independence from any modification or users inputting 
the integral or other non-local parameters. This differs 
substantially from other existing models, such as F. R. 
Menter, et al[21-22], which are highly correlated to 
downstream distance, boundary layer thickness and 
freestream turbulence intensity. The other advantage is 
its ease of integration into available in-house or com-
mercial CFD codes. 
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